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Abstract 

It is well known that in an exact covering system in Z, the biggest modulus must 
be repeated. Very recently, S. Kim proved an analogous result for certain quadratic 
fields. In this paper, we prove that S. Kim's result holds for any algebraic number 
field. 
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1 Introduction 

For an integer a G Z and a positive integer n G Z, n > 1, let amodn denote the set of 
integers {a + kn \ /c S Z}. A finite collection of congruence classes {ajmodnjjf^i is 
called a covering system in Z if each integer belongs to at least one congruence class. This 
concept was first introduced by Erdos [3] in 1950, who constructed an infinite arithmetic 
sequence of odd integers not representable as 2" +p [p a prime) using a covering system. If 
moreover, each integer belongs to exact one congruence class, we say it is an exact covering 
system. 

Given a number field K, denoting the ring of algebraic integers of K by Ok- For 
a G Ok and a nonzero ideal / of Ok, I / Ok, let a mod/ denote the set of algebraic 
integers a + I. A set of congruences {oj mod/j}^^]^ is called a covering system in K if 
each element in Ok belongs to at least one congruence class. Of course we call it an exact 
covering system if each element in Ok belongs to exact one congruence class. 

Let {ajmodnjjjL^ be an exact covering system in Z. We always assume 2 < ni < 
7),2 < • • • < nfc. In 1971, M. Newman ^ proved that 

'^fc-p{nfc)+l = • • • = Uk, 

where for an integer n, 

p{n) = min{p \ p\n, p prime}. 

In [1], M. A. Berger, A. Felzenbaum and A. S. Fraenkel called a modulus rii division 
maximal if for 1 < j < k, ni\nj implies rij = nj, then each division maximal rij must be 
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repeated at least p(nj) times. In [2], the same authors gave improved result that each 
modulus Ui must be repeated at least 

min{G ( — -J^ ) | / m} 

times, where for an integer n, 

G{n) = max{p'^ \ p^\n, p prime, r > 0}. 

This result is better as for a division maximal n^, rij ^ rii implies gcd (nj,nj) is a proper 
divisor of n^, so G{ni/gcd{ni,nj)) > p{ni). 

For exact covering systems in number field K, very recently, in S. Kim proved that 
any modulus of the largest norm must be repeated when is a certain quadratic field 
with additional conditions on the modulus ideals /j. We are going to prove the analogous 
results in [Ij and [2j for exact covering systems in any number field K. 

This paper is organized as follows. In Section 2, we introduce some notations about 
covering systems in number fields and S. Kim's result [Ij. In Section 3, we'll introduce 
some definitions in pTj, and then prove the analogous result of [1] for any number field. 
We'll prove the analogous result of [2j for any number field in Section 4. Both results 
greatly generalize the result of S. Kim in [4]. 

2 Notations and known results 

We always use the following notations and decompositions. Let be a number field. Ok 
its ring of integers and {ai mod li}^^^ an exact covering system of Ok- Let / = f^i^ih 
has a prime ideal decomposition 

where pj are prime O/^-ideals and rj > 0. Each Ij has decomposition 

'<=rii'?'' 

with < rij < rj. For each pj, assume its norm N(pj) = nj. Here we define the norm 
N{I) of a nonzero ideal I of Ok as the cardinality of the finite ring Ok/^- 

Now we introduce Kim's results in [4J. The first two are about imaginary quadratic 
fields. 

Proposition 1. Let K = Q(\/— m) he an imaginary quadratic field, {oj modli}^^^ an 
exact covering system of Ok with N{Ii) < N{l2) < ••• < A^(/fc). If Ik is principal, then 
it must be repeated. 

Proposition 2. Let K = 'Q{^/—m) be an imaginary quadratic field with class number two 
and m / 15, 35, 91, 187, 403. If {ai modIi]'l^-^ is an exact covering system of Ok, then 
the moduli can not be distinct. 
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Kim also get a result about real quadratic fields. 

Proposition 3. Let m he a positive integer. If {ai mod li}^^^ is an exact covering system 
of Ok with K = <[^{^/rri), where all the moduli are principal, then any modulus of the 
largest norm must he repeated. 

3 Exact covering systems in number fields 

In this section, we will prove the following result. 

Theorem 1. Let {ai modli}^^^ he an exact covering of Ok for any numher field K, 
and if li is division maximal (see the following Definition 3), then Ii must repeat at least 
min{nj \ pj\Ii} times. 

To prove the Theorem 1, we first introduce the important concept of parallelotope 
from [Ij. 

For b = (61,62) • • • )6n) G with 6, > 2 (1 < i < n), define the lattice parallelotope 
or simply parallelotope 

P = P{n;b) = {c= (ci,C2,... ,c„) E I < Q < 6, /or 1 < i < n} 
= i?i X ^2 X • • • X i?„ 

where Bi = {0, 1, . . . , 6j — 1} for 1 < i < n. If 61 = 62 = ■ ■ ■ = 6n = 6, then P{n; b) is also 
called the cube U{n; 6). 

Definition 1. Given a parallelotope P = P{n; b), let I C {1, 2, . . . , n}, an I-cell or simply 
cell K of P is a set of the form 

K = {s = (si, S2, . . . , Srt) e Z"- I < Sj < 6j for i £ I,Si = Ui for i ^ 1} 

= Di X D2 X ■ ■ ■ X Dn 

where Di = {0, 1, . . . , 6j — 1} for i £ I, Di = {ui} for i ^ I, u = (ui, n2, . . . , Un) is an 
arbitrary point in P. The set I is called the index of K , and denoted hy I = I{K). 

Definition 2. A partition t of a parallelotope P into cells is called a cell partition of P. 
A cell K £ T is said to be subset minimal if K' G r, I{K') C I{K) implies I{K') = I{K). 

We also need the following lemma in [1]. 

Lemma 1. Let t be a cell partition of P{n;b) into at least two cells and let E £ t be 
subset minimal. Put b = min{bi \ i ^ I{E)}, then r contains at least b I{E)-cells. 

Now we consider exact covering systems in number fields. The main ideal is giving a 
map from an exact covering system to a cell partition of certain parallelotope. In Berger 
et al.'s article, they used the fact that Z/nZ is cyclic and defined an addition operation on 
the corresponding parallelotope, but for an ideal /, Ok /I is not always cyclic. Fortunately, 
we can use Chinese Remainder Theorem to get what we need. 
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Let Bj = {/3j 1, . . . , /3j,n } be a complete representatives of Ok modpj. We can define 
a bijective map fj by 

fj-Bj ^ {0,l,...,n,-l} 
Find some tj G pj\pj, then for any r G Z, r > 0, 

r-l 



k=0 

is a complete representatives of modp^. We naturally extend fj to a map /J 

^ U{r;nj) 

r-l 

J2lkt^ ^ (/j(70),...,/j(7r-l))- 

k=0 

Of course /J is also a bijective map. 

Now we can define a map / for each a mod J to a point in P(n; 6), here n = 5^j=i 
and b = (ni, . . . , m, n2, . . . , n2, . . . , n;, . . .,ni), i.e. 

P(n;6) = /i(Z?i) X ■ ■ ■ X x • • • x fi,(Bi) x ■ ■ ■ x //(i^O . 

ri rj 

Assume for each 1 < j < /, 

modpj^ 

fc=o 

then define 

f{a mod /) = (/[I 7i,fe /r (E ^'.^ 

fe=0 A;=0 

Definition 3. Lei X = {/j | 1 < i < A;} 6e o se^ of Ok -ideals, an ideal I E I is called 
division maximal if J £ I and I\ J implies I = J. 

Lemma 2. The m,ap f : Ok /I — > P{n;b) is bijective. Taking ai modii as a union of 
some a modi, then f{ai modIi) is a cell of P{n; b) and division maximal ideals correspond 
to subset minimal cells. Moreover if {ai modli}^^^ is an exact covering of Ok, then 
{f{ai modIi) I i = 1,2, ... ,k\ is a cell partition of P{n; b). 

Proof. By Chinese Remainder Theorem, each a mod I one-to-one corresponds to, for 1 < 
j<l, 



^Ti.fct' modp;^ l^Ti.fci'ei?; 

k=0 k=0 
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so / is bijective. We now prove /(ajinod/j) is a cell of P{n\b) and the last claim is its 
trivial consequence. Without loss of generality, we prove it for the case i = 1. According 
to the definition of 



k=r 



is a complete representatives of p^- '^modpj\ for 1 < j < /. If 

ai = o.j,ktj modp^^'-', where Oj^fc G 

k=o 

then 

(3 = Oj^fc t'j + Sj mod p^^ , for any Sj £ Sj,l < j < I <^ f3 mod I C ai mod /i . 

A;=0 

So /(ai mod/i) = Ci,o x • • • x Ci^n-i x • • • x C/^o x • • • x C;_r,-iwhere 

Cj,k = {fj{aj,k)} for < A; < nj - 1 
Cj,fc = fj{Bj) for rij < k < rj - 1 

then /(ai mod/i) is a cell of P{n; b). 

According to the above discussion, for /j = 0^=1 Pj''^' /(cKiHiod/j) has index 

i-i 

I{f{ai mod /i)) = U^=i({rij + 1, . . . , r^} + ^ r^). 

fc=i 

As 

Ii\It <^ rij < nj, l<j<l 

i-1 i-i 
4^ U^=i({rij + l,...,rj} + Y, rk) 5 U^=i({n,i + 1, . . . , r,} + ^ r^) 

fc=i fc=i 

4^ /(/(Qimod/,)) 5 /(/(at mod It)) 

so /j is division maximal 44> /(/(oj mod/j)) is subset minimal. □ 

Now we can prove the analogous result. It is described in the Theorem 1. 

Proof of Theorem 1. Since {1,2,..., n}\/(/(aj mod U)) = {1,2,..., n}\ U^-^^^ + 

1, . . . , rj} + Yj'klX n) = U^=i({l, • • • , r-ij} + Ei=l rk), if r,,^- = 0, then {1, . . . , r,,^} + 

X^^Z^ Tfc = 0. As rjj > 1 <J4> pj|/j, by Lemma 1, li must repeat min{nj \ pj\Ii} times. 
Then we complete the proof. □ 
Remark. Prom the Theorem 1, as each ideal with maximal norm is division 
maximal, so it must repeat at least min{nj \ pj\Ii} times. Our result includes Kim's [3]. 
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4 Improvements of the above result 

In this section, we'll prove an improvement of the above result. 

Theorem 2. If {ai mod li}^^^ is an exact covering system of Ok with not all the ideals 
the same, then each Ii must repeat at least 

min{G{-^)\ Ijy^h} 
ii -r ij 

times, where for an ideal I, G{I) = m,ax{N[\>^) \ p''\I, p prime ideal, r > 0}. 

It is easy to see this bound is better than the above. For an ideal if Ii is not division 
maximal, then there exists Ij ^ /j such that Ii\Ij-, so G{Ii/{Ii + Ij)) = G{Ok) = 1, 
this bound is trivial. If Ii is division maximal, then for each Ij with Ij ^ Ii we have 
G{Ii/{Ii + Ij)) > min{nj \ pj\Ii}, so this bound is better. 

Wc need a new map to prove this result. Let Bj, fj, Bj just as the last section, now 

we define a map /J 

/J: ^ {0,l,...,n,^-l} 

k=0 k=0 

fj maps an element of Bj to an integer and the coefficient of tj corresponds to the 

coefficient of n^~^~'^. Obviously fj is bijective. Now we can define a map / for each 
amodi to a point in P{l;d), here d = (n^^ng^, . . . Assume for each I < j < I, 

a=J2^j,ktj modpj^ 

fe=0 

then define 

/(a mod /) = (/[^ {J2 71,. t',),...,fP tf)) 
k=0 k=0 

again / is bijective. It maps each mod Ij to a special subset of P{1; d) . Taking ai mod Ii 
for example, just as the above section, 

) — 1 

S3 = {Y. lkt]\lk^Bj} 

k=rij 

is a complete representatives of p^^'-' modpp , for 1 < j < I. If 

ai = ^ Qj^ktj mod p!^'"' 
fe=o 
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then 



/3 = aj k tj + Sj mod p^-^ , sj G Sj 4^ /3 mod / C ai mod Ii. 



fe=o 

Then we have 



f{ai mod/i) = Ci X C2 X ■ ■ ■ X Ci 



according to the definition of /J-' , 



Cj = {cj,Cj + l,...,Cj + n/ - 1} C {0, 1, ... , n/ - 1} 

where Cj is some nonnegative integer with rij^ ^^'^\cj. 

Now we begin to prove the above theorem. We first prove the special case that there 
exists some Ii such that Ij\Ii for all j. Without loss of generality, we may assume Ii is 
such an ideal, i.e. rij = Vj, for each 1 < j <l. 

Lemma 3. Let {oj mod li}^^^ be a covering system with the above property, and not all 
the ideals the same, then Ii must repeat at least 

min{G{h/Ij) I / h} 

times. 

Proof, {/(aj modIi)|l < i < Z} is a partition of P{l;d), here d is defined as above. 
f{ai mod/i) is a single point, and each /(oj mod/j) is a special subset. Just as the proof 
in [2], we know that there are at least 

min{G{h/Ij) I / h} 

single points, so Ii must repeat the same times. □ 

Let {ai mod be an exact covering system in K, we are going to get an exact cov- 

ering with the above property from it. As Bj is a complete representatives of Ok modpj, 
we let the representative of Omodpj be just 0, i.e. S Bj for all 1 < j < I. Assume 5 is a 
complete representatives of Ok mod/. If /' is any ideal with I'\I, and I' has the following 
decomposition 

I' -Up- 

so < Sj < rj. We define a subset Sj/ of 5, 

Sj-l 

Si> = {a e S \ « = ^ aj^ktj mod p^, for ah 1 < j < / }. 

A;=0 

Sji includes these elements of S which mod p^^ with the last rj — Sj coefficients 0. It is 
easy to see that Si' is a complete representatives of Ok mod/'. 
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Lemma 4. For each (aj modii) fl Sji ^ 0, we have 

ai modi C (a^ modIi) H S"// + /' 

which means that each element of modIi can he written as a sum of an element of 
{ai modIi) n Sji and an element of I' . 

Proof. As (cKj mod/i) fl Sii 7^ 0, choose a G (oj mod/j) fl 5//, then 

fe=o 

Every element in aj mod/j is of the form a + (5 with P E li, and assume 



/5 = I] mod p]' bj^k e -Bj- 



a + /3 = ^ Cj^k tj mod Cj-,fc G 5^ 

fc=o 

Choose the element a' € 5// with 



'3 
''3 

k=0 



'3 



and let 7 = a + /? — a', then 
so 7 G As a + P = a' + J, we need to prove a' = a mod /j. Since 

S3-I r-j-l Sj-1 r-j-l 

for 1 < j < Z, if > rij, as the last item of each side in above equation belongs to p^*'^, 
so 

Sj-l Sj-1 

E - E *i P?'' • 

fe=0 fe=0 

If Sj < rij, we just have 

Cj,k = aj,k for < A; < sj - 1, 

Cj,k = for Sj <k< rij - 1, 

Cj,k = bj^k for rjj <k<rj-l. 
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So we always have o! = a mod p^*'^ for all 1 < j < Z, then oi = a mod /j, and we 
complete the proof. □ 

Lemma 5. Let {oj modli}^^^ be an exact covering system in K , Ij a division maximal 
ideal and define Sj. as above. Set J = {i \ (cti modii) n Si- ^ 0}. Then 

{aj mod{Ii + Ij) \ i E J} 

is an exact covering system in K. 

Proof. As {ai mod is an exact covering system in K, we have 

k 

Sij C {[ja,modIi)nSi. 

•i=i 



[J(ajmod/i)nS'7^. 



C [^cti mod li 



C [J ai mod {li + I j). 



Since Sj. is a complete representatives of Ok mod Ij and each (/j + Ij) |/j , so {ai mod (Ij + 
/j) I i G J} is a covering system in K. 

li X E ai mod + Ij), then x = + /3 + 7 with f3 G li, 'j G Ij. Prom the above lemma, 
we have ai + P = a' + 6 with a' G (a^ mod /i) H Sj. , 6 E Ij. So we may assume 

x = /3 + 7, /3 G (ai mod/j) n 5/^, 7 G Ij 

If moreover, a; G Oj/ mod (7^' + Ij), then 

X = + 7', G (oj' mod /j/) n Si. , 7' G 

then (3 = /3' mod /j, but each element of Sj. is in different class mod/j , so (3 = (5'. Then 

(3 & ai mod/j and also /? G a^/ mod/j/, as {ai mod/jjf^^ is an exact covering system in K, 
so i = i' . Therefore, {ai mod (/j + Ij) \ ? G J} is an exact covering system in K. □ 

Proof of Theorem 2. Now we prove Theorem 2. Let {aj mod/j}*Lj^ be an exact 
covering system. Then for a division maximal ideal Ij, {Q!imod(/j + Ij) \ z G J} is an 
exact covering with each ideal is a divisor of Ij . By Lemma 3, Ij must repeat at least 

min{G{-^j—) I li + Ij / Ij, i G J] 
J-i + ij 

times. As /« + Ij 7^ Ij is just /j 7^ Ij, so 

min{G{ j^\ ) \ h + Ij ^ Ij, ^ G J} = min{G{ j^\ ) \ h 7^ Ij, i e J} 



+ Ij Ji + -tj 

> rnin{G{-^) | /j / /,} 

Ji ~\~ Ji 
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then we complete the proof. 



□ 



Acknowledgments The work of this paper was supported by the NNSF of China 
(Grants Nos. 11071285, 60821002) and 973 Project (2011CB302401). 

References 

[1] M. A. Berger, A. Felzenbaum and A. S. Fraenkel, A non-analytic proof of the 
Newman-Znam result for disjoint covering systems, Combinatorica 6(1986), 235-243. 

[2] M. A. Berger, A. Felzenbaum and A. S. Fraenkel, Improvements to the Newman-Znam 
result for disjoint covering systems. Acta Arith. 50(1988), 1-13. 

[3] P. Erdos, On integers of the form 2" -|- p and some related problems, Summa Brasil. 
Math. 2(1950), 113-123. 

[4] S. Kim, Exact covering systems in quadratic number fields. Quart. J. Math. Oxford, 
Advance Access published July 30, 2010, doi:10.1093/qmath/haq025 

[5] M. Newman, Roots of unity and covering sets. Math. Ann. 191(1971), 279-282. 



10 



